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Abstract 
This paper is dedicated to present an exact solution for a nonlinear differential equation so-called 
Abel equation. This equation was known as one of the group of unsolvable differential equations. 
The present method is applicable for any arbitrary form of nonlinear coefficients of Abel 
equation. On the other hands, the presented solution in this paper is verified with exact solution 
for some restricted forms of Abel equation that has been reported by Polyanin and Zaytsev [5]. 
Also, numerical solution is utilized to verify this method. All verifications have approved that the 
present method is strongly reliable and exact to solve Abel equation, analytically. 
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Highlights: 
 Exact solution of a nonlinear equation so-called Abel Equation is presented in this paper. 
 Abel Equation was known as an unsolvable equation. 
 
 
 
1 Introduction 
Two main categories as numerical and analytical methods exist to analyze the mathematical 
problems. Numerical methods are suitable for general problems, but the computational procedure 
is complex, while in most cases, the efficiency and accuracy of the results are relatively lower 
than those of the analytical methods [1]. Therefore, among the existing methods, the most 
efficient is analytical method. Thus, many scholars have applied various analytical methods to 
find a reliable solution for different mathematical problems [2]. On the other hands, for many 
decades, nonlinear differential equations such as Able equation were and are in center of 
attentions to find an applicable and reliable analytical solution for them. Abel equation appears 
to reduce the order of many higher orders nonlinear problems. Hence, every day, the exact 
solution is demanded for Abel differential equation in first and second kind.  
The Abel differential equation frequently found in the modeling of real problems in varied 
areas such as big picture modeling in oceanic circulation [8], in problems of magneto-statics [9] 
and [10], control theory [11], cosmology [12], Fluid Mechanics [13] and [14], Solid 
Mechanics[19], biology [17] and cancer therapy [18]. 
So far, the great number of works has attempted to propose a solution for both kind of Abel 
equation. For instance, Bougofa [6] reduced the general equation of second kind to a canonical 
form and proposed a particular construction that can solve this equation. Moreover, Mak and 
Harko [15] have reported a method to generate the general solution of Abel equation of the first 
kind from a particular solution. The Gülsu et al [16] have utilized an approximate method by 
using the shifted Chebyshev expansion. Therefore, Abel differential equation is approximately 
transformed to a system of nonlinear equations that gives a solvable system in matrix form. 
Panayotounkos [4] has used a certain type of parameterization to achieve an analytical solution. 
The author has found that the solution is not reliable in his presented form and require to careful 
scrutiny. It is worth to mention that in all these references above, the restricted form of analytical 
solutions are given. Since, after an accurate revise on the last paper, finally the present paper is 
reporting a reliable exact solution for Abel differential equation while as we know, the general 
solution to Abel differential equations was an open problem so far.  
2 Abel Equation 
The Abel equation of second kind is any nonlinear ordinary differential equation that is 
quadratic in unknown functions and is written in general form as:  
ሾ ଵ݃ሺݔሻ	ܷ ൅ ݃଴ሺݔሻሿܷ௫ᇱ ൌ ଶ݂ሺݔሻ	ܷଶ ൅ ଵ݂ሺݔሻ ܷ ൅ ଴݂ሺݔሻ.  (1) 
Here the notations	U௫ᇱ ൌ ܷ݀ ݀ݔ⁄ ,	U௫ᇱᇱ ൌ ݀ଶܷ ݀ݔଶ	⁄ , … are used for the total derivatives. Also, 
g1, g0, f2, f1 and f0 are known as variable and arbitrary form of coefficients of the Abel 
equation. The first kind of Abel equation has cubic fraction in unknown function as follow: 
ܷݔ′ ൌ ݂3ሺݔሻ	ܷ3 ൅ ݂2ሺݔሻ	ܷ2 ൅ ݂1ሺݔሻ	ܷ ൅ ݂0ሺݔሻ.  (2) 
The equation (1) and also restricted form of (2) can be reduced to normal form (or canonical 
form) by using various admissible functional transformations as mentioned in [3] and [5]. The 
normal form of Abel equation is expressed as, 
ݕݕ௫ᇱ െ ݕ ൌ ܳሺݔሻ. (3) 
In which y and Q are sufficiently differentiable functions in the subinterval [x1, x2] and Q(x) is 
called non-homogeneous part. Polyanin and Zaytsev [5] have reported some exact analytical 
solutions of equation (3) for special forms of inhomogeneity (ܳሺݔሻ). In present study, the author 
attempts to construct an exact analytic solution of (3) for general form of	ܳሺݔሻ in the above 
mentioned subinterval by using the Bougoffa construction (Appendix A). This means that the 
general form of Abel equation (in the second kind (1) and also restricted form of the first kind 
(2)) admits an exact analytic solution. 
3 Solution of Normal form 
For solving the normal form of the Abel equation (3), the functional transformation is 
introduced as [4] 
ݕሺݔሻ ൌ ݄ሺݔሻ	ܸ൫ߦሺݔሻ൯. (4) 
By inserting Equation (4) into Equation (3), the canonical form of the Abel equation is 
rewritten as: 
݄ଶߦ௫ᇱܸ కܸᇱ ൅ ݄ଶ݄௫ᇱ ܸଶ െ ݄ܸ ൌ ܳሺݔሻ. (5) 
Where h(x), (x) and V((x)) need to be determined. Now, by introducing a new differentiable 
function as k(x), the last equation is rewritten as: 
ሺ݄ଶߦ௫ᇱܸ ൅ ݇ሻ కܸᇱ െ 2ܳሺݔሻ ൌ ሺെ݄ଶߦ௫ᇱ ܸ ൅ ݇ሻ కܸᇱ െ 2݄ଶ݄௫ᇱ ܸଶ ൅ 2݄ܸ. (6) 
This equation can be split into two Abel equations as follow. The variable coefficients of Abel 
equation have been indicated in following equations.   
൭݄ଶߦ௫ᇱถ
௚భ౗
ܸ ൅ ณ݇
௚బ౗
൱ కܸᇱ ൌ ܩሺݔሻ ൅ 2ܳሺݔሻᇣᇧᇧᇧᇤᇧᇧᇧᇥ
௙బೌ
ሺܽሻ, 
൭െ݄ଶߦ௫ᇱᇣᇤᇥ
௚భ್
ܸ ൅ ณ݇
௚బ್
൱ కܸᇱ ൌ 2݄ଶ݄௫ᇱᇣᇤᇥ
௙మ್
ܸଶ െ 2ด݄
௙భ್
ܸ ൅ ܩሺݔሻถ
௙బ್
ሺܾሻ. 
(7) 
Here, G(x) is a differentiable function that shall be concluded.  By taking into account ξ(x) = 
x for functional transformation of Equation (4) and after proper integrations, the Bougoffa 
construction coefficients (Equation (61)) for two Abel equations of (7) (a and b) is calculated as: 
ܤଵ௔ሺݔሻ ൌ 1	, 		ܤଶ௔ሺݔሻ ൌ 1	, 		ߣ௔ ൌ ߣ ൌ 2 ݇ሺݔሻ݄ଶሺݔሻߦ௫ᇱ ሺܽሻ,	 
ܤଵ௕ሺݔሻ ൌ ݄ସሺxሻ, ܤଶ௕ሺݔሻ ൌ e
ସ
ఒ	׬
ௗ௫
௛ሺ௫ሻ	, ߣ௕ ൌ െ 2	݄
ସሺݔሻ݇ሺݔሻ
݄ଶሺݔሻe
ସ
ఒ ׬
ௗ௫
௛ሺ௫ሻ
ሺܾሻ. 
(8) 
Now, Bougoffa construction is formed,  
ܸଶ ൅ ߣܸ െ 2	නܩሺݔሻ ൅ 2ܳሺݔሻhଶሺݔሻ 		݀ݔ	 ൌ 0 ሺܽሻ, 
ܸଶ െ ߣܸ ൅ 2hସሺݔሻ	නh
ଶሺݔሻ ܩሺݔሻ		݀ݔ ൌ 0 ሺܾሻ. 
(9) 
From now on and for brevity, we use G instead G(x), Q instead of Q(x) and so on. In set of 
equations of (9), the subsidiary functions G and h, as well as V have to be determined. Therefore, 
the determination of all subsidiary functions is discussed in the following sections.   
3.1 Determination of h(x) 
The subsidiary function h can be found by the third items of Equation (8)-b as follow: 
hሺxሻ ൌ 1ߣ	ሺݔ ൅ ߮ሻ. (10) 
That  is integration constant.  Also, from third item of Equation (8)-b can be deduced that 
ߣ௕ ൌ െߣିଷ whereas	ߣ௔ ൌ ߣ that  is unknown constant. The author uses of the Julia construction 
(Appendix B) to determine . By applying the Julia construction on Abel equation of (7)-a and 
then, put it equals to the Bougoffa construction for the same Abel equation,  
hሺxሻ ൌ 12	ሺݔ ൅ ߮ሻ,						݇ሺݔሻ ൌ ݄ሺݔሻ
ଶ , ߣ ൌ 2. (11) 
3.2 Determination of V(x) 
For determining the V(x), the author uses the real roots of the quadratic equations (a and b) of 
(9) as follow: 
ܸ ൌ
െߣ േ ටߣଶ ൅ 8	 ׬ ܩ ൅ 2ܳhଶ
2 											 ሺܽሻ, 
(12) 
ܸ ൌ
ߣ േ ටߣଶ െ 8hସ 	׬ hଶܩ
2 																			 ሺܾሻ. 
By equating a and b of (12), one equation obtains as follow:  
ඥߣଶ݄ସ െ ܴ ൌ ݄ଶඥߣଶ ൅ ܭ െ 2݄ଶߣ. (13) 
Where, 
ܭሺݔሻ ൌ 8	නܩ ൅ 2ܳhଶ 	݀ݔ		,						ܽ݊݀				ܴሺݔሻ ൌ 8 නh
ଶ ܩ ݀ݔ.  (14) 
The square of Equation (13) is, 
3ߣଶ݄ସ െ 4݄ସߣඥߣଶ ൅ ܭ ൅ ݄ସሺߣଶ ൅ ܭሻ ൅ ܴ ൌ 0.  (15) 
Differentiate from (15) and substitute derivative of K and R by expressions of (14), results the 
following equation: 
ሺߣଶ ൅ ܭሻଷଶ െ 4ߣሺߣଶ ൅ ܭሻ ൅ ቆ3ߣଶ ൅ 4ሺܩ ൅ ܳሻ݄௫ᇱ ݄ ቇඥߣ
ଶ ൅ ܭ െ 4ߣሺܩ ൅ 2ܳሻ݄௫ᇱ ݄ ൌ 0.				 (16) 
The last equation is a cubic one of √ߣଶ ൅ ܭ. Now, by substituting of Equation (11) into (16) 
and after some manipulations, the cubic equation is rewritten as: 
ሺ1 ൅ ܭሻଷଶ െ 4ሺ1 ൅ ܭሻ ൅ ቆ3 ൅ 4ሺܩ ൅ ܳሻݔ ൅ ߮ ቇ√1 ൅ ܭ െ
4ሺܩ ൅ 2ܳሻ
ݔ ൅ ߮ ൌ 0.  (17) 
By the well-known transformation, 
√1 ൅ ܭ ൌ ܼ ൅ 43	.		 (18) 
Equation (17) reduces to the cardano form as, 
ܼଷ ൅ ݌	ܼ ൅ ݍ ൌ 0.			 (19) 
Where 
݌ ൌ െܽ
ଶ
3 ൅ ܾ,															ݍ ൌ 2 ቀ
ܽ
3	ቁ
ଷ
െ ܾܽ3 ൅ ܿ,  
ܽ ൌ െ4,									ܾ ൌ ൬3 െ ܿ െ 2݄ܳ ൰ ,						 ܿ ൌ െ
2ሺܩ ൅ 2ܳሻ
݄ .  
(20) 
It is well-known that the solution of the cubic equation (19) can be expressed in exact analytic 
form, depends on the sign of discriminant 
ܦ ൌ ቀ݌3ቁ
ଷ
൅ ቀݍ2ቁ
ଶ
.			 (21) 
Thus, the roots of (19) are the following: 
Case 1: ܦ ൏ 0	ܽ݊݀	݌ ൏ 0 
ܼଵ ൌ 2ටെ݌3 	ܥ݋ݏ	
ߚ
3 ,				 										ܼଶ ൌ െ2ටെ
݌
3 ܥ݋ݏ
ߚ െ ߨ
3 , 
	ܼଷ ൌ െ2ටെ݌3 	ܥ݋ݏ	
ߚ ൅ ߨ
3 ,					ܥ݋ݏ	ߚ ൌ െ
ݍ
2ටെቀ݌3ቁ
ଷ 0 ൏ ߚ ൏ ߨ. 
(22) 
Case 2: ܦ ൐ 0	 
ܼଵ ൌ ටെݍ2 ൅ √ܦ
య ൅ ටെݍ2 െ √ܦ
య 	,				 
ܼଶ ൌ െ0.5 ቆටെݍ2 ൅ √ܦ
య ൅ ටെݍ2 െ √ܦ
య ቇ ൅ ݅ √32 ቆටെ
ݍ
2 ൅ √ܦ
య െ ටെݍ2 െ √ܦ
య ቇ, 
ܼଷ ൌ െ0.5 ቆටെݍ2 ൅ √ܦ
య ൅ ටെݍ2 െ √ܦ
య ቇ െ ݅ √32 ቆටെ
ݍ
2 ൅ √ܦ
య െ ටെݍ2 െ √ܦ
య ቇ .	
. 
(23) 
Case 3:	ܦ ൌ 0 
ܼଵ ൌ 2ටെݍ2
య 	,							ܼଶ ൌ ܼଷ ൌ െ	ටെݍ2
య .  (24) 
By substituting Equation (18) into (12)-a, the function V(x) is concluded as follow: 
ܸ ൌ ܼ ൅ 13.				 (25) 
In the last equation, V is a function of unknown parameter Z that is concluded by Equations 
(22) to (24). On the other side, it can be deduced from Equation (20) that the parameter Z is in 
terms of the unknown function G(x) by means of coefficient c. Hence, to calculate the V(x), it is 
necessary to determine the coefficient c of (20). Eventually, the solution of Abel normal form (3) 
is written in terms of the unknown coefficient c as follows: 
ݕሺݔሻ ൌ 12	ሺݔ ൅ ߮ሻ	൤ܼሺݔሻ ൅
1
3൨. (26) 
That Z(x) is calculated from Equation (19).  
3.3 Determination of Coefficient c 
The coefficient c is defined as: 
	ܿ ൌ െ2ሺܩ ൅ 2ܳሻ݄ .		 (27) 
To determine the above coefficient, the author starts rewriting the Abel equations (7)-a and (7)-
b as follow:  
െ݄ଶߦ௫ᇱܸ కܸᇱ ൌ ݄ଶ కܸᇱ െ ܩ െ 2ܳ												 ሺܽሻ, 
െ݄ଶߦ௫ᇱ V కܸᇱ ൌ 2݄ଶ݄௫ᇱ 	ܸଶ െ 2݄	ܸ ൅ ܩ െ ݄ଶ కܸᇱ ሺܾሻ. (28) 
The following Riccati equation has been obtained as a consequence of equating of (28)-a and 
(28) -b. 
௫ܸᇱ ൌ ݄௫
ᇱ
݄ 	ܸ
ଶ െ 1݄ 	ܸ ൅
ܩ ൅ ܳ
݄ଶ 	,													  (29) 
The Riccati equation can be reduced to normal form by the following functional transformation 
[5, part 0.1.4-6], 
߱ሺݔሻ ൌ 2݄݄௫
ᇱ 	ܸ ൅ ݄௫ᇱ ൅ ݄௫ᇱ ଶ
݄௫ᇱ ଶ . 
(30) 
After manipulations, the normal form of Riccati equation (31) is expressed as: 
߱௫ᇱ ൌ ߱ଶ ൅ ݄௫
ᇱ ଶ
4݄ଶ 	ቈ
4ሺܩ ൅ ܳሻ
݄݄௫ᇱ െ
1
݄௫ᇱ ଶ
െ 2݄௫ᇱ ൅ 1቉. (31) 
The following set of equations satisfies (31). 
߱௣ ൌ ܼ ൅ 13 														ܽ݊݀								߱௣௫
ᇱ ൌ 	 ሺܩ ൅ 2ܳሻ
݄ ቂܼ ൅ 43ቃ
.  (32) 
 By [5, part 0.1.4-3], it is known that, if relations of (32) constitute a particular solution of (31), 
then the general solution is written as:  
௚߱ ൌ ܼ ൅ 13 ൅ ߬ሺݔሻ,									ݐ݄ܽݐ												 ߬ሺݔሻ ൌ
Φሺݔሻ
ܥଷ െ ׬Φሺݔሻ݀ݔ , ሺܽሻ, 								 
Φሺݔሻ ൌ ܧݔ݌ ൬න2൬ܼ ൅ 13൰ 	݀ݔ൰							 ሺܾሻ. 
(33) 
where C3 is an integration constant. From the cubic equation of (17), it has been verified that 
the particular solution of the Riccati equation ( ௣ܸ ൌ ܼ ൅ 1 3⁄ ) satisfies the Abel equations (7). 
Hence, the Abel equation has to be satisfied by the general solution of the Riccati equation, as 
well. Therefore, it is interpreted as ߬ሺݔሻ will vanish.  This condition is formulated as: 
lim௫→േஶ ௚߱ ൌ lim௫→േஶ൬ܼ ൅
1
3൰ 						݋ݎ			 lim௫→േஶ߬ሺݔሻ → 0  (34) 
The Equation (34) is defined by improper integral as follow: 
න ߬௫ᇱ ൌ 0
ାஶ
ିஶ
		 (35) 
Where 
߬௫ᇱ ൌ 	 Φ௫
ᇱ
ܥଷ െ ׬Φሺݔሻ݀ݔ ൅	
	Φଶ
ሾܥଷ െ ׬Φሺݔሻ݀ݔሿଶ  (36) 
Thus: 
න Φ௫
ᇱ
ܥଷ െ ׬Φሺݔሻ݀ݔ
ାஶ
ିஶ
൅ න 	Φ
ଶ
ሾܥଷ െ ׬Φሺݔሻ݀ݔሿଶ
ାஶ
ିஶ
ൌ 0  (37) 
The last equation is solved if each integral goes to zero. Hence, the following expressions can 
be deduced: 
න Φ௫ᇱ ൌ 0	
ାஶ
ିஶ
																			 																							 ሺ1ሻ 
ܥଷ െ නΦሺݔሻ݀ݔ
௫
ିஶ
് 0			ܽ݊݀	 ് ݏ݅݊݃ݑ݈ܽݎ																																																										ሺ2ሻ		 
න ቤ Φܥଷ െ ׬Φሺݔሻ݀ݔቤ
ାஶ
ିஶ
→ 0																		 ሺ3ሻ 
(38) 
where the function  has to be determined. In the following, some mathematical logical 
statements are presented that help to evaluate this function. From Appendix C and also condition 
1 simultaneously, we understand that the derivative of  (Φ௫ᇱ ) can be an odd function because 
the integration of an odd function in symmetrical interval is zero.  
Also, if suppose C3=0 then from condition 2, it deduces that the function  should be non-zero 
and non-singular function. Based on Appendix C and condition 2 (if C3=0 and x goes to infinity) 
simultaneously, the function   should not be an odd function. On the other side, Condition 3 
gives one more condition for  that this function is more convenient to be constant function or at 
least converge on a constant value at infinity.  
In brief, the functions Φ௫ᇱ ሺݔሻ and (x) are more convenient to suppose as odd and semi-
constant even functions, respectively. With regards to former conclusion about Φ௫ᇱ ሺݔሻ and (x), 
the function Φ௫ᇱ ሺݔሻ can be proposed as follow: 
Φ௫ᇱ ൌ 	 Sin	x|ݔ| 								ݓ݄݁ݎ݁								ݔ → േ∞  (39) 
That is an odd function. From [7, type 3.757],  
න Sin	ݔݔ ൌ
ߨ
2	
ାஶ
଴
				 (40) 
Then,  
න Sin	ݔ|ݔ| ൌ 0	
ାஶ
ିஶ
				 (41) 
On the other side, the function Φሺݔሻ is calculated by following relation  
Φሺݔሻ ൌ නSin	ݔ|ݔ| ൌ ݏ݃݊ሺݔሻ	ܵ݅ሺݔሻ				 (42) 
The right hand side of (42) is an semi-constant even function that sgn(x) represents the sign of 
x. Moreover, the Si(x) gives the Sine integral that is defined as [7, type 8.232]:   
	ܵ݅ሺݔሻ ൌ නݏ݅݊ݐݐ
௭
଴
݀ݐ						݋ݎ							ܵ݅ሺݔሻ ൌ െߨ2 ൅෍
ሺെ1ሻ௞ାଵݔଶ௞ିଵ
ሺ2݇ െ 1ሻሺ2݇ െ 1ሻ!
ஶ
௞ୀଵ
 (43) 
The Si(x) is an entire function of x with no branch cut discontinuities and is semi-constant 
function that converges approximately on 1.5 at infinity.   
The defined functions Φ௫ᇱ ሺݔሻ and (x), in (39) and (42), satisfy all conditions that discussed in 
foregoing paragraph. Now, by equating (33)-b and (42) and taking a natural logarithm (Ln) of 
both sides,  
න2൬ܼ ൅ 13൰ 	݀ݔ ൌ ܮ݊ሾݏ݃݊ሺݔሻ	ܵ݅ሺݔሻሿ  (44) 
Derivative of (44) becomes:  
ܼ ൅ 13 ൌ
Sin	ݔ
2	ݏ݃݊ሺݔሻ	|ݔ|	ܵ݅ሺݔሻ			 (45) 
Thus, Equation (33)-a is rewritten: 
௚߱ ൌ Sin	ݔ2	ݏ݃݊ሺݔሻ	|ݔ|	ܵ݅ሺݔሻ 	൅
ݏ݃݊ሺݔሻ ܵ݅ሺݔሻ
ܥଷ െ ׬ ݏ݃݊ሺݔሻ ܵ݅ሺݔሻ ݀ݔ  (46) 
The last expression obeys the assertion (34), lim௫→േஶ߬ሺݔሻ ൌ 0.  By differentiating (45) and equate 
with second of (32): 
ܩ ൅ 2ܳ
݄ሺܼ ൅ 4 3⁄ ሻ ൌ
Cos ݔ ሾ|ݔ|ܵ݃݊ሺݔሻܵ݅ሺݔሻሿ െ ܵ݅݊ ݔ ሾܵ݅ሺݔሻ ൅ ܵ݅݊ ݔሿ
2	ݔଶ ܵ݅ଶሺݔሻ  (47) 
And finally, from (27) and for all range of x: 
ܿ ൌ
0.5	ψ Sin 2ݔ െ ൤2 ൅ 1ݏ݃݊ሺݔሻ|ݔ|൨ ψ ܵ݅݊ଶݔ ൅ 2ψଶ ൤ܥ݋ݏ ݔ െ
ܵ݅݊ ݔ
ݏ݃݊ሺݔሻ|ݔ|൨ െ ܵ݅݊ଷ	ݔ	
െ2 ψଷ  
(48) 
where, 
ψ ൌ ݏ݃݊ሺݔሻ	|ݔ|	ܵ݅ሺݔሻ			 (49) 
The equations (48) are reliable for entire range of x except x=0. Also, the effect of high order of 
inhomogeneity is considered in the next section. 
4 Effect of order of inhomogeneity 
Function Q(x) (non-homogenous part of normal form) with nth order is defined as: 
ܳሺݔሻ ൌ ሾ݂ሺݔሻሿ௡			 (50) 
where n is the highest degree of polynomial that has been made up by base function of f(x). 
The base function f(x) includes any arbitrary function such as exponential, trigonometry, 
logarithm and so on. For inserting the effect of order of Q(x), equation (26) requires modifying 
as follow: 
ݕሺݔሻ ൌ 12	ሺݔ ൅ ߮ሻ	൤ߚ	ܼሺݔሻ ൅
1
3൨			 (51) 
where  is called factor of order effect of inhomogeneity. This factor has been defined in Table 
1 for different type of base function. 
Table 1: Relations for factor of order effect of inhomogeneity as ܳሺݔሻ ൌ ሾ݂ሺݔሻሿ௡ for different types of the base 
function 
Base Function 
f(x) 
 
x -0.252 Ln (n)+0.991 
Logarithm e.g. Ln(x) -0.0053 n2+0.0425n+0.981 
Exponential e.g.   ࢋ࢞ -0.12 Ln (n)+0.3218 
Trigonometry e.g. Sin(x) 1 
These relations of  are also applicable for rational type of inhomogeneity as	ܳሺݔሻ ൌ ሾ௙ሺ௫ሻሿ೘ሾ௙ሺ௫ሻሿೖ  . 
Note that, in rational function,  
݊ ൌ ݉ െ ݇				 → 				 ൜݊ ൒ 2					 → 		ߚ ൌ 	݂ݎ݋݉ ܾ݈ܶܽ݁ 1 ܾܽݏ݁݀ ݋݊ ݂ሺݔሻ݊ ൏ 2					 → 		ߚ ൌ 	1  (52) 
If Q(x) consists of combination of different types of f(x), relation of  is selected from Table 1 
based on f(x) with greatest degree.   
5 Verification and discussion 
A new method has been presented in section  3 and  4 for solving the Abel equation with any 
arbitrary coefficients. In the following section, the author is going to verify the presented method 
with numerical method and reported exact solutions by Polyanin and Zaytsev [5] for special 
functions. The numerical method that is employed in verifying is “Adams-Bashforth method” 
that is a Predictor-Corrector method. This method has been considered by Lomax et al [20] 
comprehensively.  
Polyanin and Zaytsev [5] have reported exact solution of canonical form of Abel equation in 
their section 1.3 for some limited forms of inhomogeneity (Q(x)). The different type of non-
homogenous functions and their solutions have been selected in three categories as polynomial, 
rational and exponential functions.  
5.1 Polynomial Inhomogeneity  
Two type of polynomial functions as linear (ܳሺݔሻ ൌ ࡭࢞ ൅ ࡮- equation No. 1.3.1.2 of [5]) and 
cubic (ܳሺݔሻ ൌ 	ࡿ࢞ ൅ ૛࡭࢞૛ ൅ ૛࡭૛࢞૜- equation No. 1.3.1.14 of [5]) are investigated in this 
section so that A, B and S are arbitrary parameters. As shown in Figure 1 and Figure 2, the 
present method solves the normal form of Abel equation with polynomial functions of different 
orders accurately.    
Figure 1. Solution of ݕݕ௫ᇱ െ ݕ ൌ ܣݔ ൅ ܤ that A and B are arbitrary parameters. The Solution of present 
method (with =1 in equation (51)) has been compared by numerical solution and also exact solution of 
the same function that reported by Polyanin-Zaytsev [5] (Equation 1.3.1.2). 
Figure 2.  The comparison of results are calculated by the present method( in equation (51) is 0.705) , 
the numerical method and Polyanin-Zatsev’s exact solution ([5]-Equation 1.3.1.14). The equation is 
ݕݕ௫ᇱ െ ݕ ൌ 49 ݔ ൅ 2ܣݔ2 ൅ 2ܣ2ݔ3 that A is arbitrary parameter.  
5.2 Rational Inhomogeneity 
According to Polyanin-Zaytsev´s exact solutions for different type of rational functions, two 
functions are given in this part. The first function is  ܳሺݔሻ ൌ ࡭࢞ ൅
࡭૛
࢞૜ that corresponds to Equation 
No. 1.3.1.7 in [5]. The solution of this function has been presented in parametric form in [5] as 
follow: 
ݔ ൌ √2ܣ߬ିଵඥ߬ െ ܮ݊ሺ1 ൅ ߬ሻ െ ܥ		 
ݕ ൌ √2ܣ ቈ1 ൅ ߬߬ ඥ߬ െ ܮ݊ሺ1 ൅ ߬ሻ െ ܥ െ
߬
2ඥ߬ െ ܮ݊ሺ1 ൅ ߬ሻ െ ܥ቉  
(53) 
where C is integration constant. The set of equation (53) has some typos and requires 
modifying as: 
ݔ ൌ √2ܣ߬ିଵඥ߬ ൅ ܮ݊ሺ1 ൅ ߬ሻ െ ܥ		 
ݕ ൌ √2ܣ ቈ1 ൅ ߬߬ ඥ߬ ൅ ܮ݊ሺ1 ൅ ߬ሻ െ ܥ െ
߬
2ඥ߬ ൅ ܮ݊ሺ1 ൅ ߬ሻ െ ܥ቉  
(54) 
The modified version of last solution has been presented with results of numerical method and 
the present method in Figure 3. According to this figure, exact solution by present method shows 
good accuracy. 
The second function that is considered here is equation No. of 1.3.1.33 of [5] as	ܳሺݔሻ ൌ ࡭࢞૛. The 
exact solution of this function is reported by polyanin-Zaytsev [5] as: 
ଵܷ ൌ ߬2 ቂܫିమయሺ߬ሻ ൅ ܫరయሺ߬ሻቃ ൅
ଵ
ଷ	ܫభయሺ߬ሻ,			ܷଶ ൌ ଵܷ
ଶ ൅ ߬ଶ ቂ ܫభ
య
ሺ߬ሻቃଶ , ܷଷ ൌ ଶଷ߬ଶ ቂ ܫభయሺ߬ሻቃ
ଶ െ 2 ଵܷܷଶ 
ݔ ൌ െ2ට஺ଷ଺
య ߬రయܷଶିଵ 	ቂ	ܫభయሺ߬ሻቃ
ଶ 	,							ݕ ൌ െ3ට஺ଷ଺
య ߬షమయܷଶିଵ ܷଷ ቂ ܫభయሺ߬ሻቃ
ିଵ
 
(55) 
where ܫ௡ሺݔሻ represents the modified Bessel function of the first kind. Although, Figure 4 shows 
significant discrepancy between Polyanin-Zaytsev solution (Equation (55)) and solution of 
numerical and present methods, two last ones have good sameness. 
Figure 3. Solution of ݕݕ௫ᇱ െ ݕ ൌ ஺௫ ൅
஺మ
௫య that A is arbitrary parameter. The Solution of present method 
(=1 in Eq. (51)) has been compared by numerical solution. Also the reported exact solution of the same 
function that reported by [5]-Equation 1.3.1.7 requires a modification. The modified version is compared 
with other methods. 
Figure 4. The present method (with =1 in Eq. (51)) is compared by the numerical method and an exact 
solution that reported in [5](Equation 1.3.1.33) for equation ݕݕ௫ᇱ െ ݕ ൌ ܣ௫మ that A is arbitrary parameter 
that here put 1.  
5.3 Exponential Inhomogeneity 
The third form of Polyanin-Zaytsev solution relates to nonhomogeneous part by exponential 
function. Hence, an exponential function is dealt with as ܳሺݔሻ ൌ ࡭ሺࢋ૛࢞ ࡭⁄ െ ૚ሻ that has been 
given in Equation 1.3.1.9 of [5]. The solution has been presented parametrically in [5] as: 
ݔ ൌ ܣ	ܮ݊ ቤ߬
ଶ ൅ 1
߬ ሺarctan ߬ െ ܥሻቤ		 
ݕ ൌ ܣ߬ ሾ߬ ൅ ሺ߬
ଶ ൅ 1ሻሺarctan ߬ െ ܥሻሿ  
(56) 
The results of the present method with numerical method and also equation (56) for A=1 are 
brought together in Figure 5. This figure clearly approved the accuracy of present method to 
solve the exponential functions. 
 
Figure 5.  The result of the present method is compared with the numerical method and the reported exact 
solution by Polyanin-Zatsev ([5]-Equation 1.3.1.9).  The equation is ݕݕ௫ᇱ െ ݕ ൌ ܣሺ݁2ݔ ܣ⁄ െ 1ሻ that A is 
arbitrary parameter. The factor  (Equation (51)) equals to 0.32.   
6 Concluding Remarks 
This paper has presented a reliable and exact method to solve a well-known unsolvable 
equation that is named Abel equation. In brief, the solution of normal form of Abel 
equation,	ݕݕ௫ᇱ െ ݕ ൌ ܳሺݔሻ, is found as roots of the following cubic equation:  
ܼଷ ൅ ݌	ܼ ൅ ݍ ൌ 0	 
 
݌ ൌ െܽ
ଶ
3 ൅ ܾ,						ݍ ൌ 2 ቀ
ܽ
3	ቁ
ଷ
െ ܾܽ3 ൅ ܿ,	 
 
ܽ ൌ െ4,									ܾ ൌ 3 െ ܿ െ 4ܳሺݔሻݔ ൅ ߮,		 
 
ܿ ൌ
0.5	ψ Sin 2ݔ െ ൤2 ൅ 1ݏ݃݊ሺݔሻ|ݔ|൨ ψ	ܵ݅݊ଶݔ ൅ 2ψଶ ൤ܥ݋ݏ	ݔ െ
ܵ݅݊	ݔ
ݏ݃݊ሺݔሻ|ݔ|൨ െ ܵ݅݊ଷ	ݔ	
െ2	ψଷ  
 
ψ ൌ ݏ݃݊ሺݔሻ	|ݔ|	ܵ݅ሺݔሻ			 
(57) 
sgn(x) and Si(x) represent the sign of x and the Sine integral, respectively. Finally, the exact 
solution is obtained as: 
ݕሺݔሻ ൌ 12	ሺݔ ൅ ߮ሻ	൤ߚ	ܼሺݔሻ ൅
1
3൨			 (58) 
where  is constant that is calculated by initial condition. Also,  is a factor related to the order 
of inhomogeneity that has been defined in Table 1. 
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8 Appendix A 
Bougoffa [6] has reported a method to exact solution of the general form of the Abel equation 
in second kind (Equation (1)) as follow. If there exists a constant  such that 
2ܤଵሺݔሻ	݃଴ሺݔሻ ൌ ߣ	ܤଶሺݔሻ	 ଵ݃ሺݔሻ								 ݃௜ሺݔሻ ് 0 , ݅ ൌ 0,1  (59) 
Then Eq. (1) admits the general solution 
ܤଵሺݔሻ	ܷଶ ൅ ߣ	ܤଶሺݔሻ	ܷ ൌ 	2	න ଴݂ሺݔሻଵ݃ሺݔሻ ܤଵሺݔሻ ݀ݔ ൅ ܥଵ  (60) 
Where: 
ܤଵሺݔሻ ൌ ݁ିଶ	 ׬
௙మሺ௫ሻ௚భሺ௫ሻ		ௗ௫											ܽ݊݀						 ܤଶሺݔሻ ൌ ݁ି ׬
௙భሺ௫ሻ௚బሺ௫ሻ ௗ௫  (61) 
And C1 is integration constant. 
9 Appendix B 
In 1933 G. Julia introduced a functional relation between the variable coefficients of Equation 
(1) that can lead to the exact general solution of this equation [5, p. 27; type (b)]. Thus, if: 
݃଴ൣ2 ଶ݂ ൅ ݃ଵೣᇱ ൧ ൌ ଵ݃ൣ ଵ݂ ൅ ݃଴ೣᇱ ൧											 ݃ଵሺݔሻ ് 0  (62) 
Then (1) admits the general solution 
ଵ݃ሺݔሻ	ܷଶ ൅ 2	݃଴ሺݔሻ	ܷ
ଵ݃ሺݔሻ	ܬ ൌ 	2	න
଴݂ሺݔሻ
ଵ݃ሺݔሻ ܬ ݀ݔ ൅ ܥଶ , ܬሺݔሻ ൌ ݁
ଶ ׬௙మሺ௫ሻ௚భሺ௫ሻ ௗ௫			 (63) 
Where C2 is integration constant and J is the integration factors. 
10 Appendix C  
Recall that an odd function is a function with the property that	fሺെݔሻ ൌ െ݂ሺݔሻ. An odd 
function is said to be symmetric about the origin.  When an odd function is integrated over a 
symmetric interval [-a, a] (a > 0) the value of the integral is zero. 
න fሺݔሻ݀ݔ
ା௔
ି௔
ൌ 0		 (64) 
 
